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Abstract Choice of Objective Function Application to Chaotic Dynamics

Common approaches for tnodeling dyoamical trajectorios of.complex phy5|oal « \We consider the follovving objectives for comparing p() and p* « Consider the following Arctan Lorenz system:

systems adopt a Lagrangian perspective and seek a pointwise matching with , , | o o
either the observed data or its approximate state derivatives. When the ob- 1. Squared L* norm: J (6 / p(x;0) — p(x)|"dx. z = S0arctan(ci(y — x)/50) C1 10

served data is corrupt with noise and has a poor temporal resolution, these ) () y = H0arctan(x(co — 2)/50 — y/50) , co| = | 28
approaches may struggle. We instead propose am Eulerian alternative which 2. Kullback-Liebler: J(0) = Dxi(p(0), p*) = /Qﬂ () log (p(z.e))dl'- ¢ =50arctan(zy/50 — c32/50) C3 8/3

treats the global statistics of the observed dynamics as the inference data. 3. Jenson—lShanon: 1  In Figure 6, we learn & from the Arctan Lorenz systems’s invariant measure.
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4. Wasserstein distance: J(0) = inf z — o(z)|*p(z; 0)dx
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Problem Statement:

= Consider the ordinary differential equation (ODE) & = v(z; #), where 0 € R?.

= Suppose we observe samples {z(t;))}Y | C R of the ODE. Gradient Calculation via the Adjoint-State Method

= Our goal is to recover the unknown parameters 6 € R?.
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* The method should be robust to the challenges depicted in Figure 1. We compute 0y.7 (¢) using the adjoint-state method: . X

1. Compute the Fréchet derivative 0,J.
(@) »f . . I - - (c) =1 2. Solve the adjoint equaﬁon
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vl o . Th ity of M all to analytically deri ficient formula for @ e e B
e J o | ' e sparsity o allows us to analytically derive an efficient formula for 0,7 . Y M Y &

| ' | ' Figure 6. Neural network parameterization of & using the Arctan Lorenz system’s stochastically
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Figure 1. lllustration of the challenges one may encounter during the parameter identification = We test the following large-scale velocity parameterizations:

Forecasting Dynamics with Uncertainty Quantification

problem: (a) extrinsic noise, (b) intrinsic noise, (c) chaos, and (d) slow sampling.

1. Piecewise constant: v(x;0) S‘S‘v xc,(x) e;, where 0 = {v'}.
i=1 i=j = In Figure /, we learn the velocity v(x; 8) of a Hall-effect thruster system based

upon real data.

Our Approach

N
2. Global polynomial: v;(x;6) = )~ aif (z7er) " .. (z7ey) ™, where 6 = {al}.

= We consider the OCCUpaﬁon measure (=1 Delayed Cathode-Pearson Signal queleg Vetouty Modeled Trajectory
3. Neural network: v(z;8) = NN(x; ), where 6 comprises the weights/biases. * =
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= We implement a regularized PDE forward model 8 — p-(6). = % _ | =
. - . 5 5 = == "‘Mﬁ’iﬂ“ %7 ~ o 0.2- 7= M) L 0.8

= We perform the optimization mingere J (p*, p-(#)) via gradient methods. 1§: a = %_ E B N I
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o) I Co Figure /. Learning the velocity of the Hall-effect thruster system.
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Fiegure 2. Using the invariant measure to compare nearby dynamical systems results in a TR T e T e e
meaningful optimization landscape, whereas a trajectory-based loss does not. g ' ' 0008
Figure 4. Investigating the choice of parameterization on velocity reconstruction. The top row A, : -
The R larized F d Model shows the reconstructed velocity and the bottom row shows the computed invariant measure ' —
€ Regutarize orwar oae based on the learned velocity. ,,x*\\:*r
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= The Eulerian Fokker-Planck (FP) partial differential equation (PDE) gives the
law of the Lagrangian stochastic differential equation (SDE): Comparison with Existing Methods
O+ V - <IOU> = DAp < dX; = U<Xt)dt + V2DdW, (1) Figure 8. We show the evolution of ground truth samples from the Hall-effect thruster system,
Eulerian Lagrangian = We compare our approach with the SINDy and Neural ODE frameworks for plotted in black, and our Fokker-Planck PDE model, represented by the probability contours.
= Our continuous forward model is 8 — p(0), satisfying learning slowly sampled dynamics of the Van der Pol oscillator.
V- (ﬂ(ﬁ)v(@) = DAP(‘Q)- Ground Truth SINDy Neural ODE Our Method Conclusions
= We discretize the FP equation with a first-order upwind finite volume " . ty -8 | | -
method, which yields the discrete forward model 8 — p(8), where ) 1 Y x 1. We reformulated ODE learning as a PDE-constrained optimization problem
£+ o > 01 g . t;)( ' Q by treating invariant measures as inference data.
S . . - ) 2 o« o .
M.p(0) = p(0), M.:=(1—-¢)M+ Nll SHI -2- by o 2. We used the adjoint-state method to compute the gradient.
= M is a Markov matrix and € > 0 is a regularization parameter ensuring .- r - - 3. The proposed approach is robust to learning from slowly sampled dynamics.
uniqueness of the recovered p(6). R e 4. The learned models were used to perform uncertainty quantification.
Figure 5. The left panel shows the first eight points of a slowly sampled trajectory (in red). While Ack led t
Forward dx = 0.2 Forward dx = 0.1 Forward dx = 0.05 Forward dx = 0.005 the SINDy and Neural ODE frameworks can learn the quickly sampled dynamics, both struggle cknowteagments
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