
Generative Modeling of Time-Dependent Densities via

Optimal Transport and Projection Pursuit

Jonah Botvinick-Greenhouse1 Yunan Yang1 Romit Maulik2

Cornell University1

Argonne National Laboratory2

SIAM Conference on Applications of Dynamical Systems, November 26, 2023

1 / 45



Problem Statement

Let ρ(x , t) be a time-dependent density on Rd . Suppose we observe X(tj ) ∈ RN×d sampled
from ρ(x , t) at the times {tj}Mj=1.

The Goal

From the finite samples X(tj ) at the discrete times tj construct a surrogate model which can
sample from ρ(x , t) for any t ∈ [t1, tM ].

We propose a method that...

1. Avoids non-convex optimization

2. Has few tunable hyperparameters

3. Is based solely on numerical linear algebra

4. Is easily parallelizable

5. Is computationally feasible in high dimensions.
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Illustration of Two Approaches
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Optimal Transport

If pX and pY are two densities on Rd , then ϕ is a transport map whenever the change of
variables formula holds:

pY (x) = pX (ϕ
−1(x))| detDϕ−1(x)|.

We want to find a transport map ϕ which is optimal.Define c(x , y) := |x − y |p to be the cost
of transporting x ∈ Rd to y ∈ Rd .Then, the overall transport cost is∫

Rd

|x − ϕ(x)|ppX (x)dx .

Minimizing over all transport maps ϕ defines the Wasserstein metric

Wp(pX , pY ) :=

(
inf
ϕ∈Φ

∫
Rd

|x − ϕ(x)|ppX (x)dx

)1/p

.

The transport map ϕ∗ at which the infimum is attained is the optimal transport map.
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Optimal Transport on R
Assume pX and pY are 1D densities with CDFs F ,G : R → [0, 1]. The optimal map is then

ϕ∗ := G−1 ◦ F .

Given sample data from pX and pY , we can approximate ϕ∗ using a KDE.

ϕ∗(x) :=

{
g−1(f (x)) x ∈ Υ

Id(x) x ̸∈ Υ
, f := Interp(z, F̂ ), g−1 := Interp(Ĝ , z).
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Optimal Transport on Rd

Goal: Given data X ∈ RN×d and Y ∈ RN×d with X ∼ pX and Y ∼ pY , estimate ϕ∗.

Problem: When d is large, it is difficult to approximate ϕ∗.
Solution: Obtain an approximation by computing ϕ∗ only along dominant directions.
I.e., p ∈ Rd that maximizes the “discrepancy” between Xp and Yp.
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Projection Pursuit Monge Map (PPMM)

Algorithm 1: Projection Pursuit Monge Map (PPMM) [Meng et al., 2019]

Input: X,Y ∈ RN×d .
Set X0 = X and k = 0.
Until convergence:

(a) Compute the projection direction pk ∈ Rd between Xk and Y.
(b) Compute the one-dimensional OT-map ηk between the projections Xkpk and Ypk .
(c) Set Xk+1 = Xk +

(
ηk(Xkpk)− Xkpk

)
pTk and k = k + 1.

Output: {pℓ}k−1
ℓ=0 and {ηℓ}k−1

ℓ=0 , which form the OT approximation ϕ̂k : Rd → Rd .

The map ϕ̂k is defined recursively as:

ϕ̂ℓ+1(x) = ϕ̂ℓ(x) +
(
ηℓ

(
ϕ̂ℓ(x)pℓ

)
− ϕ̂ℓ(x)pℓ

)
pTℓ , 0 ≤ ℓ ≤ k − 1.
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Let’s See it in Action
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Dynamic PPMM (D-PPMM)

Algorithm 2: Dynamic PPMM (D-PPMM)

Input: Measurement times {tj}Mj=1 and samples {X(tj )}Mj=1.
Training:

Sample the rows of X(t0) ∈ RN1×d i.i.d. from N (ν, Γ).
For j ∈ {0, . . . ,M − 1} do:

Use PPMM to estimate the OTM ϕ̂
(tj )

kj (α)
between X(tj ) and X(tj+1).

Testing:
Sample the rows of Y(t0) ∈ RÑ×d i.i.d. from N (ν, Γ).
For j ∈ {1, . . . ,M} do:

Assign Y(tj ) = ϕ̂
(tj−1)

kj (α)
(Y(tj−1))

Output: New samples {Y(tj )}Mj=1.
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Transport Spline Interpolation [Chewi et al., 2020]

1. Compute the output {Y(tj )}Mj=1 of D-PPMM.

2. Compute the spline interpolants

pn := Spline
(
[t1, t2, . . . , tM ], [Y

(t1)
n ,Y

(t2)
n , . . . ,Y

(tM)
n ]

)
.

3. Form the interpolating snapshot of particles Y(t) by evaluating

Y(t) =


p1(t)
p2(t)
...

pÑ(t)

 ∈ RÑ×d .

28 / 45



Transport Spline Interpolation [Chewi et al., 2020]

1. Compute the output {Y(tj )}Mj=1 of D-PPMM.

2. Compute the spline interpolants

pn := Spline
(
[t1, t2, . . . , tM ], [Y

(t1)
n ,Y

(t2)
n , . . . ,Y

(tM)
n ]

)
.

3. Form the interpolating snapshot of particles Y(t) by evaluating

Y(t) =


p1(t)
p2(t)
...
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Transport Spline Interpolation [Chewi et al., 2020]
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Initial Qualitative Comparison
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Low-Dimensional Convergence Comparison

33 / 45



High-Dimensional Covnergence Comparison
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Fish Schooling Example
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Fish Schooling Samples
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Fish Schooling Convergence

Method Training Time (s) ˜GMMD2
I (×10−3)

D-PPMM 0.81 13.51± 4.35
Reduced RQ-NSF 0.81 319.25± 5.49

RQ-NSF 1200 8.76± 0.85
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Conclusion

We introduced Dynamic PPMM as a method for constructing a generative model of a
temporal density. The benefits include...

1. Applicability to high-dimensional systems.

2. Avoiding non-convex optimization.

3. Simple hyperparameter tuning.

4. Based solely on numerical linear algebra.

5. Easily parallelizable.

Thank you!
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