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Is based solely on numerical linear algebra
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o~ D

Is computationally feasible in high dimensions.
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[llustration of Two Approaches
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Optimal Transport

If px and py are two densities on RY, then ¢ is a transport map whenever the change of
variables formula holds:

py(x) = px(¢7"(x))| det Do~} (x)].
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of transporting x € R? to y € RY. Then, the overall transport cost is

[ = ot Pex(x)ax.
Rd

Minimizing over all transport maps ¢ defines the Wasserstein metric

1/p
Wp(px. py) := ( inf /Rd x — ¢(X)\pPX(X)dX> :

pcd

The transport map ¢, at which the infimum is attained is the optimal transport map.
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Optimal Transport on R

Assume px and py are 1D densities with CDFs F, G : R — [0,1]. The optimal map is then
b =G loF.
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Projection Pursuit Monge Map (PPMM)

Algorithm 1: Projection Pursuit Monge Map (PPMM) [Meng et al., 2019]

Input: X,Y e RVx9,

Set Xg =X and kK= 0.

Until convergence:
(a) Compute the projection direction p, € RY between X, and Y.
(b) Compute the one-dimensional OT-map 7, between the projections Xy px and Y py.
(c) Set Xy1 = Xi + (nk(Xkpk) — Xkpx)py and k =k + 1.

Output: {pg}éf:_g and {m}?;ol, which form the OT approximation (;ASk ‘RY — R,

The map QASk is defined recursively as:

Brr1(x) = de(x) + (W <$Z(X)Pe> - @(X)pe) pl, 0<l<k-1.
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Let's See it in Action
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Dynamic PPMM (D-PPMM)

Algorithm 2: Dynamic PPMM (D-PPMM)
Input: Measurement times {tj}jl‘il and samples {X(tf)}j’\il.
Training;:
Sample the rows of X(®) ¢ RM*9 jid. from N(v,T).
For j € {0,...,M — 1} do:
Use PPMM to estimate the OTM ;55(%()&) between X(t) and X(t+1),
Testing: ) ’
Sample the rows of Y(®) ¢ RVN*d jid. from N (v,T).
For j € {1,..., M} do:
Assign Y1) = %,t-j(;l))(Y(tj_l))

Output: New samples {Y(tf)}j"il.
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Transport Spline Interpolation [Chewi et al., 2020]

1. Compute the output {Y(tf)}j’\il of D-PPMM.
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Transport Spline Interpolation [Chewi et al., 2020]

1. Compute the output {Y(tf)}j’\il of D-PPMM.

2. Compute the spline interpolants

P = Spline([tl, b, tn], [YS, YR ,YW]).

3. Form the interpolating snapshot of particles Y(t) by evaluating

y(t) —

c RNXd
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Transport Spline Interpolation [Chewi et al., 2020]
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Initial Qualitative Comparison

Ground Truth Dynamic PPMM Conditioned RQ-NSF
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Low-Dimensional Convergence Comparison

Lorenz-96 (d = 4)
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High-Dimensional Covnergence Comparison

Lorenz-96 (d =10) Lorenz-96 (d =20) Lorenz-96 (d = 30)
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Fish Schooling Example
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Fish Schooling Samples
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Fish Schooling Convergence

Fish Schooling | Interpolation Convergence
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Conclusion

We introduced Dynamic PPMM as a method for constructing a generative model of a
temporal density. The benefits include...
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Conclusion

We introduced Dynamic PPMM as a method for constructing a generative model of a
temporal density. The benefits include...

Applicability to high-dimensional systems.
Avoiding non-convex optimization.
Simple hyperparameter tuning.

Based solely on numerical linear algebra.

ARSI

Easily parallelizable.

Thank you!
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